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A numerical algorithm is constructed to develop numerical solution to the spline function
based belonging to the CP®-class. The presented method showed that the approximate

2016 . . . - .

published online: 20 solution for boundary value problems obtain by the numerical algorithm which are

September 2016 applied sixtic spline function is effective. Convergence analysis of the proposed method
and error estimates are obtained. Numerical results illustrate by two examples are given
the practical usefulness and efficiency of the algorithm.
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Introduction
In recent years, the spline interpolations have been considered in many ways gained popularity in
some field (e.g. initial value problems IVVPs and boundary value problems BVPs), see [1-7].

Fawzy [8] constructed the lacunary spline model based on quartic polynomial, they obtained
existence and uniqueness with convergence analysis of the model. In [4, 5] some types of fractional
spline function used to derive some error bounds which are used to develop a numerical algorithm
for solving differential equations of fractional order. In (2012) Srivastava et al [9] developed the
numerical algorithm for quantic non-polynomial spline for approximate solution to certain
boundary value problems involving the third-order ordinary differential equation associated with
draining and coating flow. Amongst further workers on this subject list as different kinds of spline
degree have been available for decades [10, 11, 12], they have mainly been utilized for analysis
convergence and recently as interpolation polynomials for solving differential equations [1, 7, 13,
14].

The main objective of the present paper is to apply a sixtic integer degree spline algorithm (see [4,
5, and 8]) with a polynomial part to develop a numerical method for obtaining smooth
approximations of the solution of ordinary differential equations.
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Sixtic Spline Formulation

In order to develop the numerical algorithm by sixtic spline interpolation function S,(x) € C®,
interpolating to a function y(x) defined on [a, b], which are developed from Faraidun and Fawzy
[4, 8] respectively, we know that y(x) at the mesh point in each subintervals[x;_;, x,], the spline
function S, (x) of degree at most six. We construct the spline functions of degree six in the closed
interval [0, 1] containing a parameters are a;, by and cy.

Theorem 2.1 Let S5 (x) in [0, 1] be a spline function define as

1 1 1 1
$ic(6) = yie + @e(x = i) + 5y (6 = 1)? + 2he(x = x0% + 9V (= )t + — e (x -

1
%)% + =y (x = x,)° (1)

where x;, < x < x4, and k=0, 1, 2,...,n-1 . Then there exist and unique spline interpolation
function S, (x).

Proof: From equation (1), and using Taylor series expansion, we get

1 4 1 1 4
Virr = Vi + Cear = %) + 5 VK e — X0)? + b O — 21)° + z)’;& '(eer — 20 +

1 1 (6
Eck(xkﬂ —x)° + %Y;ﬁ )(xk+1 —x)° . (2)

Taking the second and fourth derivatives respectively for the boundary condition which known, we
get

" 1" 1 (4 1 1 6
Yi+1 = Vi t be(Xksr —x) + 5)’;5 )(xk+1 —xx)* + gck(xk+1 —x)% + ;y,ﬁ )(xk+1 —x)*
(3)

4 4 1 (6
}’;§+)1 = }’;E es Ce (X1 — xx) + EY;S )(xk+1 — xi)%. (4)

By solving the equations (2), (3) and (4) simultaneously, we can find the parameters a;, by and cy,
and let h = x,,1 — x5, We get:

1 1

=3O ~ W) =5 hy®, (5)
1 n n h h3

b = 7 (viten =9 =y + v + 59, (6)
1 h n n h3 hs

A =4 Vk+1 — Vi) — 3 Cyr + Yr+1) + 360 (4’3’154) + YIEi)l - m)’,g@- (7)

Clearly, the spline function which defined in equation (1) is uniquely exist. Moreover, by
construction it is clear that S,(x) in [0, 1] is a spline interpolation polynomial of degree 6.

Main Theoretical Results

In this section, we prove the convergence analysis of the spline model in equation (1), and error
bounds of it.
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Lemma 3.1: let y(x) € €°[0,1] then we have the following inequalities:
5 3
e = yil < L we), [be — | <L we(h) and |c, — 3| < 2we(h),

where wy(h) is the modulus of continuity of y® (x).

Proof: from equation (7), we get

! 1 1 7 4
@i = Vel = 15 Dierr = Yie = 3k h? =2 yieah? + Sy PRt + =y nt — -y O he -y,
Using Taylor series expansion to obtain
lax — vl (Sws(h) + 2we(h) + ws(h))—_ we (h),

1 oo PP
lar — il < %ws(h)- (8)
Now for  |b, — y>|, by using equation (6), we obtain

| by — Yk 3)| < |y(6)(0‘1) - y(6)(a2)| + | © _ y(6)(a3)|], Xg < Qq, 02,03 < Xg4q
h3 h3
=5 (ws(h) + ws(h)) = Ews(h)- 9)
Similarly, we obtain
e = 93| < 2w, (10)

Theorem 3.2 Let S, (x) be the spline function defined in equation (1), and interpolate y(x) €
C®[0,1], then the inequality for all x € [0,1]

|S,Ei) (x) —y® (x)| < c;h® twg(h), (11)
holds for all i = 0,1,2,3, 4, where ¢, = %,cl = 752—90,c2 = %,cg = %,04 =land cs ==

Proof. To prove this theorem, we using the result of the previous Lemma 2.1

' h3
1) =y = [h(ax = ¥0) + 2 (e = 32 + - (e = 3+ (52 = y© () )|, where
Xk < Ng < X411

15(0) = YOOI < h[S] wg(h) + L [1 ] wg () + 2 [ ws (h) + - w06 (h)

120

=< h6w6 (h),

360

120

|s,;(x)—y'(x)|s§—jw6(h)+’;< w6(h)> 2 (Boem) + 15 ws )
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_ 59

= h®wg(h),  where x;, < 1y < Xpyq,

15K () = y" (I < ki =y | + 2R e = ¥ | + = h* 1y — y O (ny)]
< = h*we(h),
S0 = yP )| < Sh3ws(h),

SO0 =y @) < bR ws)] + 2 [we(h)] = h2wg(h),

S22 =y @) < s () + hog(h) = 2 hg(h).

The proof of theorem 3.2 complete.

Lemma 3.3: Let S(x) be the spline function in equation (1), and y(x) be a unique solution of any
differential equations, satisfying lim,,_. S (x,) = B and lim,,_. y™ (x;) =y, then

lim,, e [DOMS (%) — DMy (x,)| = 0.
Proof: From equation (1), the spline function S(x,) of finite dimension which is tend to zero, when
take it the high derivatives, and y(x,) has a unique solution y € C"[a, b], using (theorem 4.1, in
Arvet Pedas [15]), we have

max |D(m)S(Xk) _ D(m)y(xk)l = ”D(m)s(xk) _ D(m)y(xk)”OO -0

0<ksn
as m — oo, with knots, x € [x,, X,+1],k=0,1,2,3,...,n — 1. Therefore, by taking Maximum for

equation (11) in Theorem 3.2, we have for any step size h
lim [DMS(x,) — DMy(x,)| = 0.
m—oo

Spline Algorithm and Computation

In this section, we describe of the orientation spline method algorithms based on the error
estimations respect the theorem 3.2, which are obtained.

Step 1: Consider that the mentioned formulation and analysis was accomplished in C®[a, b].
Step 2: Using the Lemma 3.1, with initial values of x, , y, to compute equation (1).

Step 3: Using step 2 to enumerate

1 1 1 1
Se(x) =y + ap(x — x3,) +- Vi (x —xp)?% + gbk(x —x)3 + Zy,g})(x —x )t + Eck(x —

x)° + %yg) (x — x;,)®, in each subinterval [xy, Xx41], k=1,..,n—1

Step 4: The equations (8), (9) and (10), were used to find out error estimate between S, (x) and y(x)
in theorem 3.2, for each subinterval [xy, Xx41],k=1,..,n—1, wherei = 0,1, ...,6.

S0 =y D) < e wg ().
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Numerical Computations

In this section, we perform numerical computations by Matlab programming using the sixtic spline
interpolation with differences mesh size h and measurement bound error. We find the maximum
absolute errors for two examples and plot the curve of these computations at difference values in the
intervals.

Example 5.1: Consider the boundary value problems [9]
y®(x) = 6exp(—4y(x)) —12(1+x)Y, 0<x<1,
With the boundary conditions
y(0) =0, y(1)=In(2),y?0) =1, y®1)=-025.
The analytic solution is y(x) = In(1 + x).

Table 1, Maximum absolute errors for example 5.1

h ly(®) — S(®)| ly' (&) — S'(®)| ly"@®) —Ss"®  |y"@®—s"@®)l
0.1 2.0697e-06 5.5507e-05 0.0014 0.0339
0.01 3.4542¢e-12 9.2634e-10 2.3551e-07 5.6523e-05

0.001 3.6447e-18 9.7745e-15 2.4851e-11 5.9641e-08
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The error estimates between the approximate the solution 'o' and the
exact solution --' of example 5.1.
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Example 5.2: Consider the following linear boundary value problem [16]
y®(x) =y — 15e* — 10xe”*

With the boundary conditions

y(O) = O' Y’(l) = 15 y”(o) = 0; Y(l) = 0:)”(1) = —e.
The exact solution is y(x) = x(1 — x)e*.
Table 2, Maximum absolute errors for example 5.2
h ly(®) — S(®)l ly'(®) — §'(®) ly"(®) — " (®)l ly"' (&) — s"'(®)]
0.1 1.2262e-06 3.2883e-05 8.3602e-04 0.0201
0.01 1.0842e-12 2.9076e-10 7.3923e-08 1.7742e-05
0.001 1.0709e-18 2.8720e-15 7.3017e-12 1.7524e-08

Graph S(x) and y(x)

Graph dS(x) and dy(x)
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The error estimates between the approximate the solution 'o' and the
exact solution '--' of example 5.2.
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Conclusions

In this paper, we applied sixtic degree spline polynomial algorithm to approximate the value of
function in the numerical solution of differential equations can reduce the computational effort
required to solve such problems because ability to use a mesh size of h. the numerical results,
illustrated in Table 5.1 and 5.2, obvious that the sixtic spline interpolation and analytic solutions of
the mesh points of interest can be readily plotted as the above figures.

References

[1] Abbas Y. A, Rostam K.S, and Faraidun K. H. The existence, uniqueness and error bounds of
approximation splines interpolation for solving second order initial value problem; Journal of
Mathematics and Statistics 5 (2):123-129, (2009).

[2] Micula Gh., Revnic A., An implicit numerical spline method for systems for ODEs, Applied
Mathematics and Computation-Elsevier, Vol. 111, pp. 121-132, (2000).

[3] Srivastava P. K., Kumar M., Numerical Algorithm Based on quintic Nonpolynomial Spline for
Solving Third-Order Boundary Value Problems Associated with Draining and Coating Flows,
Chinese Annals of Mathematics, Series B, 33B(6), 831-840, (2012).

[4] Faraidun K. H., Fractional Polynomial Spline for solving Differential Equations of Fractional
Order, Math. Sci. Lett. 4, No. 3, 291-296. www.naturalspublishing.com/Journals.asp, (2015).

[5] Faraidun K. H. & Pshtiwan O. M., Generalized Quartic Fractional Spline Interpolation with
Applications, Int. J. Open Problems Compt. Math., VVol. 8, No. 1, March 2015, ISSN 1998-6262;
Copyright © ICSRS Publication, www.i-csrs.org, (2015).

[6] Meinardus G., Nirnberger G., Sommer M. and Strauss H., Algorithms for piecewise
polynomials and splines with free knots, Mathematics of Computation, Vol. 53, pp. 235-247,
(1989).

[7] Sharon A. Johnson, Jery R. Stedinger, Christine A. Shoemaker, Ying Li and José Alberto
Tejada-Guibert, Numerical Solution of Continuous-State Dynamic Programs Using Linear and
Spline Interpolation, Operations Research, Vol. 41, No. 3, pp. 484-500, (1993).

[8] Fawzy T., Notes on lacunary interpolation by splines,Il, Annales Univ. Sci. Budapest., Sectio
Compuatorica, Vol. 6, pp. 117-123,(1985).

[9] Srivastava P. K., Kumar M. and Mohapatra R. N., Solution of Fourth Order Boundary Value
Problems by Numerical Algorithms Based on Nonpolynomial Quintic Splines, Journal of
Numerical Mathematics and Stochastic, 4(1): 13-25, (2012).

[10] Pittaluga G., Sacripante L. and Venturino E., Lacunary Interpolation with Arbitrary Data of
High Order, Annals Univ. Sci. Budapest., Sect. Comp. 20, 83-96, (2001).

[11] Rentrop P., An algorithm for the computation of the exponential spline, Numerische
Mathematik, Vol. 35, Issue 1, pp. 81-93, (1980).

[12] Tzimbalario J., On a Class of Interpolatory Splines, Journal of Approximation Theory Vol.23,
pp. 142-145, (1978).

[13] Reinhold Klass, An offset spline approximation for plane cubic splines, Computer-Aided
Design, Vol. 15, Issue 5, pp. 297-299, September, (1983).

[14] Charles A. Hall & W. Weston Meyer, Optimal error bounds for cubic spline interpolation,
Journal of Approximation Theory, Vol. 16, Issue 2, pp. 105-122, February, (1976).

[15] Arvet P., Enn T., On the convergence of spline collocation methods for solving fractional
differential equations, Journal of Computational and Applied Mathematics 235, 3502-3514,
(2011).

[16] Noor M. A. and Mohyud S. T. -Din, An efficient algorithm for solving fifth-order boundary
value problems, Mathematical and Computer Modeling, Vol. 45, No. 7-8, pp. 954-964, (2007).

Yve



